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Abstract

Consider setsX andY each with associated membership functions. Fur-

ther suppose that there is a mapf : X → Y. A membership may be induced

onY from the membership ofX calculated using the extension principle, and

the two memberships onY may be combined to give an overall membership.

The point with the highest membership inX can be determined directly or

by back mapping the value with the highest membership inY. These two
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methods are equivalent under hypotheses on the membership functions and

onf . An example calculation from engineering design is presented.

Keywords:Fuzzy numbers; algebra; engineering.

Introduction

Consider a setX equipped with a membership function: every pointx ∈ X has
an associated valueµ(x) ∈ [0, 1] ⊂ IR representing the degree of membership
for x. Suppose that another setY is mapped fromX by a functionf , and thatY
itself has a membership functionν(y) ∈ [0, 1] ⊂ IR independent of those onX .
Finally, consider combining all of the membership specificationsµ(x) andν ◦f(x)
into anoverall membershipµc(x) onX . This paper demonstrates that points inX
which maximize overall membership can also be determined by another method.
One can induce the membership specified forX ontoY by the extension principle.
There one can find they ∈ Y which maximize the overall membership, and then
back map toX simply by looking up the values ofx used in the original forward
mapping to the optimaly. This is true even though the induced membership onY
involves only the membershipµ, and does not consider any of the dependent set
membershipν. The results, however, are the points which maximize the overall
membershipµc : the supremum of the combination of the membership specified
both onX andY.

As motivation for this work, consider engineering design problems. In a typ-
ical engineering problem solved using imprecise variables, the imprecision can
arise from the inability to specify the final precise values of the design variables
(to be used in the problem model). We use the termdesign parameterto denote
these variables which describe the engineering model, and must have precise val-
ues determined for the model to be solved. The initial lack of precision can be
represented formally using fuzzy sets, and hence we have an example of a setX
with a membership function.

Dependent variables are those which are functionally related to the design pa-
rameters, and give indications of performance of the model. We term these vari-
ablesperformance parameters. These form a dependent variable spaceY. There
are also membership specifications, independent of those specified onX , placed
onY.

Typically, all of the imprecise quantities are combined to solve the complete
model; that is, select precise values for the design parameters [5]. This is calcu-
lated by maximizing the overall membership over the set of design parametersX .
Examples are given in [5].
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However, it is usually of considerable interest to observe the design parameter
membership expressed on the performance parameter space. This can be calcu-
lated using the extension principle [8], as will be discussed subsequently. Doing
so allows a comparison of the membership functions specified on the design pa-
rameters with the membership functions specified on the dependent performance
parameters. Discussion and examples are given in [6, 7].

However, this calculation can be computationally difficult. This paper demon-
strates that this difficulty can be reduced, since the extension principle calculation
will allow one to determine the final design parameter values directly, rather than
through another computationally difficult search. We will show that the result of
optimizing overall membership over the design parameters is the same as opti-
mizing overall membership over the dependent performance parameters, and then
back mapping the result to the design parameters by the image of the extension
principle, even though this original inducement of membership does not involve
the membership specified on the dependent performance parameters.

This work is an extension of the idea, originally proposed independently by
both Dubois [1] and Wood and Antonsson [6], of propogating memberships from
independent variables to dependent variables, selecting optimal performance, and
mapping back the membership level so as to determine the optimal parameters.
We extend these ideas to general sets, rather thanX ' IRN andY ' IR, and to
more general connectives thanmin. We consider problems which have possibly
more than one optimal solution. Further, we consider independent membership
specificationsν onY, not considered in either of these previous works.

1 Definitions and Notation

The results desired do not depend on any structure associated with the variables
used; as such, in the following sections, we will be working with general sets and
membership functions. Thus
1.1 Definition: A membership functionon a setX is a functionµ : X → II =
[0, 1] ⊂ IR.

We are also interested in membership induced on a set from the membership
on another set. This is typically done via a map between the sets as in Zadeh [8],
see [2, 3] for a review.
1.2 Definition: LetX andY be sets and letf : X → Y be a function. Theinduced
membershiponY is

νf (y) = sup{µ(x) | x ∈ X , f(x) = y}
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We adopt the convention thatνf (y) = 0 if f−1(y) = ∅. Note that the induced
membership function need not be continuous, even ifX andY are topological
spaces with continuous membership functions andf is a continuous map.

Now we wish to combine the membership functions onX andY in the fol-
lowing manner. LetP : II 2 → II be monotonic in its first argument. Thus, if
0 ≤ a ≤ b ≤ 1, thenP(a, t) ≤ P(b, t) for all t ∈ II . In this manner we can define

µc(x) = P(µ(x), ν ◦f(x)) (1.1)

and
νc(y) = P(νf (y), ν(y)) (1.2)

as membership functions onX andY, respectively. Thusµ represents member-
ship on the design parameters, andν represents membership on the performance
parameters. The objective is to determine themost preferred pointin X ; that is,
the point inX which maximizes the overall membershipµc.

Sinceµc andνc are membership functions, and hence bounded, they have finite
supremum overX andY, respectively. So we can define the following numbers in
II .

||µc||∞ = sup{µc(x) | x ∈ X} (1.3)

and
||νc||∞ = sup{νc(y) | y ∈ Y} (1.4)

We will further assume that the sets

X ∗ = {x ∈ X | µc(x) = ||µc||∞} (1.5)

and
Y∗ = {y ∈ Y | νc(y) = ||νc||∞} (1.6)

are not empty. This is true, for example, whenX andY are topological spaces, and
µc andνc are continuous with compact support. However, it may be true in other
cases, and we do not wish to exclude these from consideration.

2 Results

The first result we will state will form the foundation of all our results to follow.
2.1 Proposition: νc(y) = sup{µc(x) | x ∈ X , f(x) = y}
Proof: We will first prove a technical lemma.
2.2 Lemma: LetQ : IR → IR be monotonic, and letg : IR → IR be any function.
Then

Q(sup{g(x) | x ∈ IR}) = sup{Q(g(x)) | x ∈ IR}
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Proof: SinceQ is monotonic, the expression on the right-hand side of the equality
will be evaluated at the value ofx, possibly±∞, whereg attains its supremum.
But this is precisely what the left-hand side of the equation returns.
Now we proceed with the proof of the proposition. Using 2.2 we have

νc(y) = P(νf (y), ν(y))
= P(sup{µ(x) | x ∈ X , f(x) = y}, ν(y))
= sup{P(µ(x), ν(y)) | x ∈ X , f(x) = y}
= sup{P(µ(x), ν ◦f(x)) | x ∈ X , f(x) = y}
= sup{µc(x) | x ∈ X , f(x) = y}

The following lemma will be useful in the sequel.
2.3 Lemma: ||µc||∞ = ||νc||∞
Proof: Choosey ∈ Y∗ so thatνc(y) = ||νc||∞. But νc(y) = sup{µc(x) | x ∈
X , f(x) = y} ≤ ||µc||∞. Thus ||νc||∞ ≤ ||µc||∞. Now let x ∈ X ∗ so that
µc(x) = ||µc||∞. Thenνc(f(x)) = sup{µc(x′) | f(x′) = f(x)} ≥ ||µc||∞. Thus
||νc||∞ ≥ ||µc||∞ so||νc||∞ must equal||µc||∞.
We are interested in ascertaining the peak membership values inX given those in
Y.
2.4 Theorem: f(X ∗) ⊂ Y∗. Conversely, ifX andY are topological spaces, and
if

i) f is continuous, and has compact support, and
ii) if µc is continuous when restricted tof−1(y) for eachy ∈ Y∗

thenY∗ ⊂ f(X ∗).

Proof: Let x ∈ X ∗. Thenµc(x) = ||µc||∞. Thenνc(f(x)) = sup{µc(x′) |
f(x′) = f(x)} ≥ ||µc||∞. By 2.3νc(f(x)) = ||νc||∞ and sof(x) ∈ Y∗.

Now supposei) and ii) hold, and lety ∈ Y∗ so thatνc(y) = ||νc||∞. Sincef
is continuous,f−1(y) is closed for eachy ∈ Y∗ (since such ay is itself closed).
Thus, sincef has compact support,f−1(y) is also compact (a closed subset of a
compact set is also compact). Nowµc is continuous on the compact setf−1(y)
and so assumes its maximum value in the set. But, by definition,sup{µc(x) | x ∈
f−1(y)} = ||νc||∞, so there is somex ∈ f−1(y) such thatµc(x) = ||νc||∞ =
||µc||∞, sox ∈ X ∗. ThusY∗ ⊂ f(X ∗).

In practice, iff is continuous, it may be possible to satisfy the hypothesis of
compact support simply by restriction to the domain of interest.
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Figure 1: Design Example: Structural Frame.

3 Example: Imprecise Engineering Calculations

Consider the design of a structural frame intended to support a weightW a distance
l from a wall, as shown in Figure 1. The width and thickness of the beam is
w and t respectively. Given this configuration, a designer may have preferences
for the various parameters based on geometric constraints, customer requirements,
etc. For the purposes of this illustration, we shall assume that all of thesedesign
parametersare crisp, except forw andt, which the designer has given imprecise
specifications for, as shown in Figure 2.

Given a configuration (as shown in Figure 1), typically a designer performs cal-
culations to rate different values of the design parameters. In this example, a typ-
ical performance parametermight be maximum bending stress in the horizontal
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bar. This is given by
σ : IR2 → IR

(w, t) 7→ 2l(W+ ρgwtl
6

)

wt2

The designer must ensure that the bending stress is not excessive; as such, there
is an imprecise specification on the dependent performance parameter spaceIR, as
shown in Figure 2. The remaining parameter values are shown in Table 1.

Now given these specifications, the designer can perform calculations, such as
observing how the membership specifications made onw andt induce membership
on the performance parameter space. This will be calculated using the extension
principle, as reflected by Definition 1.2 (withX = IR2, andY = IR).

The results of Section 2 apply to general combination functions. We will con-
sider two different cases. The first is the traditional fuzzy set combination of
P(a, b) = min{a, b}. Also, we considerP(a, b) = a

2
3 · b 1

3 .

First, the membershipµ onX must be defined. For the two cases considered:
µ1(w, t) = min{µw(w), µt(t)}, andµ2(w, t) = (µw(w) · µt(t))

1
2 . Given these

definitions, the induced membershipνf is defined for both combinations and is
shown in Figure 3. An interesting feature of this problem is that both combination
functionsµ1 andµ2 result in the exact same membershipνf on σ, as calculated
using the extension principle, Definition 1.2. This invariance is a result of particu-
lar geometric conditions which the two combination functions and the functionσ
satisfy, as discussed in [4].

Having performed this calculation, the designer can then compare this induced
membership with the requirement membershipν as shown in Figure 2. For exam-
ple, the designer may select the optimal value ofσ by combining the two member-
ship functions withν1,c(σ) = min{νf (σ), ν(σ)}, or, perhaps with a combination

ν2,c(σ) = νf (σ)
2
3 · ν(σ)

1
3 . These reflect two different possible combination func-

tions, but the results of Section 2 apply to both. The results of applying the two
methods are shown in Figure 4.

Consider now the optimal values ofσ as defined by the maximum of values of
ν1,c and ν2,c. For ν1,c, the optimal value isσ∗1 = 0.298 (GPa). For ν2,c, the
optimal value isσ∗2 = 0.295 (GPa). These define the most preferred values of
performance. The question is what are the optimal pointsw∗

i andt∗i which produce
these performancesσ∗i , for i = 1, 2.

It can be shown that the hypothesesi) and ii) of 2.4 hold. Therefore the points
used in the extension principle calculation ofνf (σ∗) are in fact the points used to
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Figure 2: Specified membership functions.
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Table 1: Constant Values

parameter Value

W 20kN

l 4 m

g 9.8 m
s2

ρ 7830 kg
m3

Figure 3: Induced membership.
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Figure 4: Overall membership onσ.

10



computeνc(σ∗). That is, when usingminas a combination, at the optimal value of
performanceσ∗1 = 0.298 (GPa), the pointsw1 = 0.07003 (m) andt1 = 0.08834
(m) were used to calculateνf (σ∗1). As well, when using the product as a combi-
nation, at the optimal valueσ∗2 = 0.295 (GPa), the pointsw2 = 0.07697 (m)
andt2 = 0.08471 (m) were used to calculateνf (σ∗2). Theorem 2.4 demonstrates
that these values ofwi andti are the optimal points of overall membershipµi,c, for
i = 1, 2. That is, if the designer had as well calculatedw∗

i andt∗i defined by

µ1,c(w∗
1 , t

∗
1) = sup{min{µw(w), µt(t), ν ◦σ(w, t)} | (w, t) ∈ IR2}

or
µ2,c(w∗

2, t
∗
2) = sup{(µw(w) · µt(t) · ν ◦σ(w, t))

1
3 | (w, t) ∈ IR2}

respectively (reflecting the two different combination functionsνc on σ), then the
resultingw∗

i = wi andt∗i = ti. Notice the key aspect of this:νf is used to back-
map the optimal points inX of νc. Thus one can use the pre-image of the design
parameter induced membershipνf to find the optimal point of overall member-
shipµc, even thoughνf does not involve the performance parameter membership
specificationν.

Conclusion

This paper presents an observation about membership optimization problems with
dependent parameters: one can maximize membership over either the setX , or
over the dependent setY. One could compose the dependent set membership onto
X and maximize overall membership overX to find the optimal point inX . Alter-
natively, one could induce the original set membership ontoY and maximize over-
all membership overY, and then use the pre-image of the induced membership to
determine the optimal point inX . This is true despite the fact that the pre-image is
of the induced membership only, not the pre-image of the overall membership.

This fact is useful, since in imprecise engineering design, it is very beneficial to
observe the induced membership of the design parameters on the performance pa-
rameter space, to observe the performance achievable in the model. This technique
is superior to others, since it presents visual information to the designer about the
model. An optimization routine will produce a (hopefully globally optimal) solu-
tion, but it presents no real information about critical aspects in the problem. If
this first design process is adopted, it is useful to know the induced membership
pre-image of the optimal performance value is the optimal membership point, since
this eliminates the need for a subsequent search.
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