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Introduction
Many engineering and scientific models can be
formulated as a set of expressions relating independent variables to dependent ones. Often, users of such systems of relations (or constraints) wish to adjust values of some of the
variables to observe the change’s effect on the
remaining variables. In mechanical engineering
design in particular, models are used to observe
the effects of using different combinations of
parametric choices. In this paper, the mathematics necessary to allow manipulation of imprecise (fuzzy) quantities in constraint systems
are developed.
Propagation of crisp values through engineering models has been developed previously (Agrawal, Kinzel, Srinivasn, and Ishii,
1993; Navinchandra and Marks, 1987; Serrano,
1987). The engineering models become relations between a network of variables. Such systems calculate the remaining variable value (in
each relation) when enough other variables are
specified. The calculation indicates the value
of the unspecified variable required for the relation to remain consistent. A computational
spreadsheet for this purpose has recently been
developed and presented by Ramaswamy and
Ulrich (1993).
This paper develops a similar approach to
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Constraint based CAD systems are used to manipulate input and output variables by allowing a user
to adjust the variables’ crisp values. The different
variables are iteratively specified and relaxed until
a final configuration of variable values is accepted.
This paper introduces a method for propagating
imprecise (fuzzy) constraints to reduce the number of exploratory iterations required to obtain an
acceptable set of values. An imprecision transformation is defined to induce imprecise specifications
from specified variables to unspecified variables, either of which can be of the independent input or dependent output type. When the imprecise specifications are placed on the dependent variables exclusively, the transformation reduces to composition.
When the imprecise specifications are placed on the
input variables exclusively, the transformation becomes Zadeh’s extension principle. In a traditional
non-fuzzy use of constraint based CAD systems,
an over-constrained system of relations must be relaxed by the user. With a fuzzy formulation, however, it is shown that imprecise constraints allow
calculations to be made: the values which simultaneously satisfy all of the imprecise constraints can
be calculated. Thus, using imprecise quantities in
constraint based CAD systems allows much of the
iterative user specifications to be calculated by the
computing platform instead, reducing the iterative
tasks of the designer.
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constraint propagation, but allows a user to
imprecisely specify the values in the model,
rather than being forced to choose exact, crisp
values. The use of imprecise (fuzzy) values allows a user to observe the propagation of entire
ranges, rather than individual values. This approach shifts the computational burden from
the user to the computing platform, so that
fewer iterations are required to gain insight
into the proposed design solution.
Related work has been done by Diaz (1988)
and Rao (1987, 1992), who consider optimizing imprecise engineering systems. In contrast, this work presents a user with the effects of imprecise constraints on other variables. rather than a solution to an imprecise problem. Sakawa and Yano (1991) discuss fuzzy multi-objective optimization. An
appraisal of the use of fuzzy sets in optimization in general is given by Luhandjula (1989).
Sebastian and Zimmerman discuss design configuration problems (1993, 1994).
This paper, will develop the extension principle for constraint systems, demonstrate its
usage, and present simplifications for various
engineering design problems.

stress in a structure might be calculated (y),
given the loading and geometry of the structure (~x), since the designer must ensure that
the bending stress is not excessive.
In constraint based CAD systems the system of relations is typically formulated as input/output relations as in (1), but the system
of relations is not used as an input/output system. In many engineering applications, the dependent (output) variables must be fixed to a
desired or specified value, and the input variables adjusted to match the fixed output variable values. Frequently, the exact values of
the output variables are not known, and only
imprecise boundaries are available. Typically,
users iterate between desired input variable selections and allowed output variable values.
This paradigm is depicted on the left side of
Figure 1. A user may select a subset of the variables (x1 , . . . , xn , y 1 , . . . , y m ) to fix, and propagate these specifications onto the remaining
variables to observe their effect on the model.
Consider now a relation which has all of its
values fixed by a user inconsistently, i.e., all
of the variable values in one relation are simultaneously specified by the user, but the relation does not hold with these values. The
typical action taken by crisp constraint propagation systems in this condition is to flag a
warning to to the user that a variable must be
relaxed (Serrano, 1987).

Constraint Systems
Crisp Constraint Systems
In crisp constraint based CAD systems, engineering models are represented as variables in
a system of relations:
f1 (x1 , . . . , xn ) = y 1
f2 (x1 , . . . , xn ) = y 2
..
.

Imprecise Constraint Systems
In the approach introduced here, a system of
relations as described above is used to propagate entire (fuzzy) sets of values, not just
single (crisp) values. The proposed computational model is depicted on the right side of
Figure 1. The user makes (fuzzy) estimates of
values for any of the input and output variables desired. The membership specifications
are then induced onto the remaining variables,
to observe the a priori restrictions on the remaining variables.
After having made the induced membership calculations (onto the unspecified variables), the user can observe the imprecise

(1)

fm (x1 , . . . , xn ) = y m
Typically, the xi ’s are referred to as the independent or input variables, and y j are referred
to as the dependent or output variables. The
map f~ relating the two sets of variables ~x and
~y could be an equation, a computer program,
an expert system, or any means of evaluating
the performance ~y of a given design configuration ~x. For example, the maximum bending
2
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Figure 1. Constraint based
CAD systems.

tems users of inconsistent crisp values.

performance achievable and proceed to judge
the model. Thus, use of imprecise quantities
within constraint systems offers the ability to
shift much of the iterative searching a user
must do onto the computational platform, by
computing many sets of values simultaneously.
A further benefit is gained from using imprecise quantities. When propagating single
values through crisp constraint systems, if a
relation has all of its variable values simultaneously specified and the values are such that
the relation does not hold, the system is overconstrained. Furthermore, the difficulties with
over-constrained systems of relations can be
overcome by the use of fuzzy sets. The imprecisely specified variables cause the system
to be imprecisely over-constrained, rather than
rigidly over-constrained. If a relation has all
variables specified, the imprecise mathematics
can be used to restrict the membership functions beyond what was originally specified by
the user. This is considerably more valuable
information than a warning to constraint sys-

Propagating Fuzziness
To begin, assume that input and output variables exist as sets only; and no particular
vector structure exists, as depicted by Equation (1). Rather, assume that a set map exists
between the input space X and output space
Y:
Y = f (X).
(2)
The total imprecise space is X × Y, where the
values of X are the inputs and the values of Y
are the outputs. In general, each space itself is
assumed to have a partial specification. That
is, one part of X has imprecise values specified
over it, and another part of X does not, and
likewise for Y. Thus each space is separable
into a specified subset S, and an unspecified
subset U. That is, each space is assumed to be
separable into a Cartesian product,
X = Sx × Ux
3

(3)

Ux × Uy on which membership remain unspecified. Now an induced membership can be defined on the unspecified space U, to aid the
user in understanding and specifying membership on U . The restrictions made on S (i.e., µ)
can be induced onto U, to observe the induced
restrictions on U.
The Imprecision Transformation is defined
to be the formal transformation of the membership as specified on S onto U. To provide
an understanding of how this induced membership should be defined, consider a particular
value u of an unspecified variable. There are no
membership specifications µ(u), but there are
membership specifications on any s ∈ S which
map to u through the set map f . These points
s will be used to define the induced membership value ν(u) for the fixed value u ∈ U.
To define the induced membership for the
value u, suppose that the particular value u
(out of all possible, the set U) must be used. If
two points in S can achieve the particular value
u (map to u through f ), and if the user wants
to maximize membership, the user will choose
the one of higher membership. This defines
a highest possible induced membership for u,
which can be repeated over all values u ∈ U.
Finally, if the user cannot achieve a value u
with any s ∈ S, then that u must be given a
rating of zero.
This argument can be used to define the induced membership for any value u ∈ U. Out
of all the points in S that map to the particular u, define the induced membership as the
supremum membership over its pre-image.

and
Y = Sy × Uy

(4)

where membership are specified on Sx and Sy ,
but Ux and Uy remained unspecified. This allows the unspecified variables to be either dependent or independent variables.
Let µx denote the membership specification
on Sx , and µy denote the membership specification on Sy .
µx : Sx → [0, 1]
µy : Sy → [0, 1].

(5)

The imprecise specifications from both specified spaces Sx and Sy will be propagated onto
the unspecified spaces Ux and Uy . Recall that
specifications are allowed on some of X (Sx ),
and some of Y (Sy ). Thus, S = Sx ×Sy ⊂ X×Y
is the total subspace that has imprecise specifications, and similarly U = Ux × Uy ⊂ X × Y is
the total subspace that has no specifications.
To induce the membership onto the unspecified space, first the two membership functions
on Sx and Sy must be combined, typically using a min function. Let
µ(sx , sy ) = min{µx , µy }.

(6)

The membership specification will now be induced from the total specified space S = Sx ×Sy
onto the unspecified space U = Ux × Uy . To do
so, set map is expressed using the components
(x = (sx , ux ), y = (sy , uy )):
f

: Sx × Ux → Sy × Uy
(sx , ux ) 7→ (sy , uy ).

(7)

Definition 0.1 Let Sx , Ux , Sy , Uy be sets. Let
X = Sx × Ux , and Y = Sy × Uy . Denote
S = Sx × Sy , and let (sx , sy ) = s ∈ S. Denote U = Ux × Uy , and let (ux , uy ) = u ∈ U.
Let f : X → Y be a function, and µ : S → [0, 1]
be a membership function. The induced membership on U is

This allows the definition of the pre-image in
S of each (ux , uy ) ∈ U using f :
Γ(ux , uy ) =

(8)

{(sx , sy ) ∈ Sx × Sy | f (sx , ux ) = (sy , uy )}.

ν(u) = sup {µ(s) | s ∈ Γ(u)}

Γ(u) is the set of all specified points s which
map to an unspecified value u through f .
Now the total space X × Y has been partitioned into two sets, S = Sx × Sy on which
membership have been specified, and on U =

and ν(u) = 0 if Γ(u) = ∅.
This definition implies that the induced membership ν need not be continuous, even when
4

in the situation where X and Y are topological
spaces with continuous membership and f is a
continuous map.
This definition is entirely analogous to
Zadeh’s extension principle, except this definition allows the induced membership to propagate in any direction through the set map.
The definition considers more than propagation from the input variables to the output
variables exclusively. This will be discussed
further below.

in engineering design, an engineer has exclusive choice over input variable values X in
the model. The engineer chooses these values based on engineering judgment. The desired output performance variable values, on
the other hand, are reflections of requirements
that must be satisfied by the engineer. The target values for these variables may be dictated
by a customer, or a regulation. A comparison
between the engineer’s estimates (specified on
X) and the customer requirements is desired.
In this case, the imprecision transformation
is reduced to the specified space S being X,
and the unspecified space U being Y (thus
X = S = Sx , Y = U = Uy , and Ux = Sy = ∅ in
Definition 0.1). The induced membership definition (Definition 0.1) is more easily expressed
here as:

Specifications on Y
It is possible that the imprecision transformation can be calculated in a simpler (more
restricted) framework, and that is when the
memberships are initially specified only on the
performance (output) variables. That is, suppose the user is considering the restrictions imposed by performance specifications. The user
may wish to observe the allowable combination of input variables that satisfy the imprecise specifications on performance.
In this case, the specified space S is reduced
to Y, and the unspecified space U is reduced to
X (thus X = U = Ux , Y = S = Sy , and Sx =
Uy = ∅ in Definition 0.1). The imprecision
transformation (Definition 0.1) is more easily
expressed here as:

0.3 Let X and Y be sets. Let f : X → Y be a
function, and µ : X → [0, 1] be a membership
function. The induced membership on Y is
ν(y) = sup{µ(x) | x ∈ X, f (x) = y}
and ν(y) = 0 if f −1 (y) = ∅.
In this simplification of the imprecision transformation (Definition 0.1), the pre-image Γ (9)
is the pre-image of f . This corresponds exactly
with Zadeh’s extension principle.

0.2 Let X and Y be sets. Let f : X → Y be
a function, and µ : Y → [0, 1] be a membership
function. The induced membership on X is

Imprecisely
tems

Over-constrained

Sys-

Recall propagation of crisp values in constraint
systems: when over-constrained, one or more
of the specified values must be relaxed by the
user.
With propagation of imprecise values, this
is no longer true. If several imprecise variables
are simultaneously related, overall combination
metrics (such as min) can be used to combine
the multiple imprecise constraints on the variables, and to restrict the membership beyond
the initial imprecise specifications µ.
If two variables are related by a map, and
the system is over-specified by placing membership functions µ on both variables, Definition 0.1 can be used to induce the membership

ν(x) = µ ◦ f (x).
In this simplification of the imprecision transformation (Definition 0.1), the pre-image Γ (9)
is the image of f . Notice, therefore, that the
imprecision transformation reduces to composition when the specifications are made on Y
and are to be induced onto X.

Specifications on X
Though the last section demonstrates a clear
simplification of the imprecision transformation, it is not the typical way in which an engineering design process proceeds. Typically
5

Determining an Optimal Solution

of one variable onto the other, and to combine the membership. This provides an indication of the set of values which simultaneously
satisfies both imprecise constraints. Furthermore, the combined membership can be back
propagated onto the other variable, to demonstrate which of that variable’s values also satisfy both constraints. Therefore, this approach
can demonstrate to the user which values simultaneously satisfy both imprecise specifications, and can provide more information to the
user than simply indicating that the system is
over-constrained.
Suppose Definition 0.1 is used to propagate
a membership µ from S onto U, creating a new
induced membership ν : U → [0, 1]. However,
also suppose an independent specification of
membership µ is made on U based on a different criterion. The system is imprecisely overconstrained. This problem can be resolved
through the use of the imprecise mathematics. That is, the two membership functions
can be combined on the over-constrained set
of variables. This will indicate which values simultaneously imprecisely satisfy all of the constraints.
Further, using Definition 0.1, µc can be propagated back onto S from U, thereby showing
which input values satisfy all of the imprecise
constraints. The user of such a system could
proceed in the same iterative manner as with
crisp constraint based CAD systems, but instead could propagate entire sets of values at
once.
The
complete
proposed computational model is illustrated in
Figure 1. The user makes estimates of values
for any of the input and output variables desired, represented as membership. These memberships are then induced onto the remaining
variables, to observe the a priori restrictions
on the remaining variables. These results are
combined with the membership independently
specified on these variables, and the result is
back propagated to the original variables. This
is iteratively repeated, with the user modifying the membership specifications, until a final
configuration of variable values is determined.

At any point in this process, the user can be
provided with feedback as to the crisp optimal solution point(s) ~x∗ . That is, the user will
naturally want to find points ~x∗ ∈ X which
maximize the combined membership. With
this method of imprecise constraint propagation, the solution can be easily observed as the
peak of the overall combined membership function.
This method therefore allows a user to be
imprecise about making specifications of values, but at the same time can calculate the
best solution with the given information. At
any point in the iterative process using imprecision, this determination can be made by examining the points with peak combined membership values.
A question arises over the validity of using
this solution. The points ~x∗ ∈ X returned are
exactly related to a fuzzy non-linear programming problem solution. If all of the variables
have imprecise membership functions, then a
search across X for the points ~x∗ which maximize the overall combined membership is the
same as the points presented in the iterative
approach described above (Otto, Lewis, and
Antonsson, 1993b).

Conclusion
A methodology of constraint based CAD using
imprecise quantities has been developed and
presented. This approach propagates sets of
imprecise values through engineering models,
rather than the traditional constraint propagation method of manually iteratively propagating individual crisp values. This relieves some
of the iterative work from the user of the system, instead placing the computational burden
on the computing system. Propagation of imprecise constraints also alleviates the problem
of overconstrained systems. Overconstrained
systems of imprecise constraints can be readily
solved, rather than requiring the user to relax
a constraint when crisp values are used. These
advances create an environment for engineer6

ing design problem solving that provides more
information more easily than traditional crisp
constraint propagation, and is robust to overconstrained solutions.
The mathematics of propagating imprecise
quantities through constraint systems was developed. To propagate imprecise quantities
through a constraint system of relations, an
imprecision transformation was defined. This
transformation reduces to composition in the
context of propagating imprecise constraints
from a dependent set onto an input set. The
transformation also reduces to Zadeh’s extension principle of fuzzy sets mathematics in the
context of propagating imprecise constraints
from an input set onto a dependent set. Thus
the duality between composition and Zadeh’s
extension principle is highlighted.
In a situation of imprecisely over-constrained
systems, the imprecise mathematics allows a
user to be shown more information than a crisp
constraint propagation approach which would
simply flag the system as over-constrained.
The membership functions can be combined
to produce an overall membership which imprecisely satisfies all of the constraints. The
over-constrained system is analogous to a fuzzy
non-linear programming problem (Kaufmann
and Gupta, 1988; Luhandjula, 1989; Zimmermann, 1985). In this work, the the entire membership surface over the variables is searched,
in addition to the single point with maximum
combined overall membership. In the propagation of the combined membership as discussed
in Section , the value(s) with maximum overall
combined membership is(are) a solution value
to the fuzzy non-linear programming problem
over the over-constrained set of variables. This
was shown and more fully discussed in (Otto
et al., 1993b).

sponsors.
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