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Abstract

An extension to the method of imprecision that al-

lows the decomposition or aggregation of imprecise

design problems with weighted attributes is pre-

sented. The method of imprecision uses the prefer-

ences of the designer and customer to de�ne fuzzy

sets that quantify the imprecision associated with

a design attribute. These fuzzy sets, weighted by

relative importance, are combined to produce an

overall design measure. This paper introduces ag-

gregation operators that can be hierarchically ap-

plied to combine weighted design attributes so that

the structure of the design problem is appropriately

modeled.

Introduction

Imprecision is an integral part of the engineering

design process: not imprecision in thought or logic,

but the intrinsic vagueness of an un�nished design

description. Early in the design process, the design

description is nearly completely vague or imprecise

(fuzzy). As design decisions are made, this impreci-

sion is reduced, until ultimately the �nal design de-

scription is precise (crisp). Designers need to eval-

uate designs early in the design process, before key

decisions are made, and while the design embodies

the highest levels of imprecision. Approximately

70% of the cost of a product is determined during

the preliminary design phase (Ullman, 1992). Yet

existing design methods and computer-aids ignore

the imprecision that is an essential part of the pre-

liminary design process.

The method of imprecision (Wood, Otto, and

Antonsson, 1992; Otto, 1992) is a formal method-

ology, based on fuzzy sets, for representing and ma-

nipulating imprecise preliminary design informa-

tion. Fuzzy sets provide a natural representation

of imprecision. This paper summarizes the prin-

ciples and practice of the method of imprecision,

and describes how it may be extended to accommo-

date design problems with a hierarchical structure

of weighted attributes.

De�nitions and Notation

An imprecise variable is a variable that may po-

tentially assume any value within a possible range

because the designer does not know, a priori , the

�nal value that will emerge from the design pro-

cess. Yet even though the designer is uncertain

about what value to specify, certain values will be

preferred over others. This preference, which may

arise objectively (e.g. , cost or availability of com-

ponents) or subjectively (e.g. , from experience), is

used to quantify the imprecision associated with a

design variable. Thus the designer's experience and

judgement are incorporated into the design evalua-

tion.

Design variables are denoted di, where i ranges

from 1 to n. The whole set of design variables for

each design alternative is an n vector, ~d, which is an

element of the design variable space (DVS ). The

valid design variable values within the DVS form a

subset X . The set of valid values for di is denoted

Xi.

The preference that a designer has for values of
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di, the ith design variable, is represented by a pref-

erence function on X , termed the design preference:

�di (di) : Xi ! [0; 1] � R

where the Xi are assumed to be compact. �di(di)

quanti�es the designer's preference for values of di,

and is distinct from the customary membership func-

tion in a fuzzy set, which quanti�es the extent to

which values belong to the set.

Performance variables are denoted pj , where j

ranges from 1 to q. Each performance variable pj

is de�ned by a mapping fj such that pj = fj(~d).

The mappings fj can be any calculation or pro-

cedure to measure the performance of a design, in-

cluding closed-form equations, iterative and heuris-

tic methods, \black box" functions, experiments,

and consumer evaluations. The set of performance

variables for each design alternative is a q vector,

~p = ~f(~d), which is an element of the performance

variable space (PVS ). The subset of valid perfor-

mance variable values Y is mapped fromX and the

set of valid values for pj is denoted Yj .

The customer's preference for values of pj, the

jth performance variable, is represented by a pref-

erence function on Y, termed the functional require-

ment :
�pj (pj) : Yj ! [0; 1] � R:

The combined preference of the designer and cus-

tomer for a particular design ~d is represented by an

overall preference �o(~d), which is a function of the

designer preferences �di(di), and the functional re-

quirements �pj (pj) = �pj (fj(
~d):

�o = P
�
�d1 ; :::; �dn; �p1 ; :::; �pq

�
:

The design problem is to identify design con�gura-

tions that maximize �o, i.e. , designs ~d� such that:

�o(~d
�) = ��o = supf�o(~d) j ~d 2 Xg:

The peak overall preference in X , ��o , is equal to

the peak overall preference in Y (Otto, Lewis, and

Antonsson, 1993).

The combination function P must satisfy the fol-

lowing four axioms to be consistent with engineer-

ing design (Otto, 1992):

Monotonicity

P(�1; :::; �k; :::; �p+q) � P(�1; :::; �
0

k; :::; �p+q)

i� �k � �0k 8k (1)

Continuity

P(�1; :::; �k; :::; �p+q) =

lim�0

k
!�k P(�1; :::; �

0

k; :::; �p+q) 8k (2)

Annihilation

P(�1; :::; 0; :::; �p+q) = 0 (3)

Idempotency

P(�; :::; �) = �: (4)

P re
ects the design or trade-o� strategy, which

indicates how competing attributes of the design

should be traded-o� against each other (Otto and

Antonsson, 1991a, 1991b). The appropriate design

strategy is usually dictated by the design problem

or sub-problem and is not a choice the designer

can freely make. A design problem will in general

require a hierarchy of di�erent trade-o� strategies

which successively aggregate design attributes.

Suppose that only the lowest preference (�di or

�pj ) is to be considered in evaluating the design:

higher preferences for other attributes of the design

cannot compensate for a lower preference. This is

a non-compensating design strategy for which the

combination function is Pmin:

�o(~d) = min
�
�d1 ; :::; �dn; �p1 ; :::; �pq

�
: (5)

Consider a system of components, where the fail-

ure of one component results in the failure of the

system such that the entire assembly must be re-

placed. The preferences on the times to failure for

the components should be combined using a non-

compensating design strategy, since a high prefer-

ence corresponding to a long time to failure cannot

compensate for a low preference corresponding to a

short time to failure.

Alternatively, di�erent attributes of the design

may be traded-o�, so that a more acceptable at-

tribute partially compensates for a less acceptable

attribute. This is a compensating design strategy

for which the combination function is P�:

�o(~d) =

0
@ nY

i=1

�di

qY
j=1

�pj

1
A

1
n+q

: (6)

For an ordinary household battery, the performance

variables battery life (energy stored) and unit cost

may be traded o� using a compensating strategy. A

low cost partially compensates for a short battery

life; a long battery life partially compensates for a

high cost.
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�d design preference (designer)

�d(~d) design preference on the DVS

�d(~p) design preference induced onto the PVS

�p functional requirement (customer)

�p(~p) functional requirement on the PVS

�p(~d) functional requirement mapped back onto

the DVS

�o overall preference, P(�d; �p)

�o(~d) overall preference mapped onto the DVS

�o(~p) overall preference mapped onto the PVS

��o peak overall preference

Pmin non-compensating combination function

P� compensating combination function

The Method of Imprecision

After specifying design preferences �di on Xi and

functional requirements �pj (pj) on Yj , and identi-

fying the appropriate design strategy, the �rst step

is to combine the individual �di to obtain �d, the

combined design preference. �d combines only the

design preferences and corresponds to a lower tier

in the hierarchy of design trade-o�s that comprise

the combination function P:

�o=Pc [�d; �p]

=Pc

�
Pd(�d1 ; : : : ; �dn);Pp(�p1 ; : : : ; �pq)

�
(7)

where Pd combines the design preferences, Pp com-

bines the functional requirements, and Pc combines

these sub-results. Note that Equation (7) applies

on both the DVS and the PVS.

Next �di is induced onto Y, using the extension

principle (Zadeh, 1965):

�d(~p) = sup
~d:~p=~f (~d)

h
�d(~d)

i

where sup over the null set is de�ned to be zero.

�d(~d) is the combined design preference on X , as

distinct from �d(~p), the combined design prefer-

ence induced onto Y. �d(~p) is obtained by mapping

�d(~d) onto the PVS.

�d(~p) is calculated using the Level Interval Al-

gorithm, or LIA (Wood et al., 1992; Otto and An-

tonsson, 1991b), �rst proposed by Dong and Wong

(Dong and Wong, 1987) as the \Fuzzy Weighted

Average" algorithm and also called the \Vertex

Method". �d(~p) and �p(~p) are then combined using

Pc from Equation (7) to obtain �o(~p), the overall

preference on Y. The set of peak preference per-

formances Y� = f~p � 2 Y j �o(~p
�) = ��og is found

from �o(~p).

The design problem is to �nd the set of peak pref-

erence designs X � = f~d� 2 X j �o(~d
�) = ��og. For

a typical engineering design problem, the inverse

mapping ~f�1 : Y ! X is unavailable, but �o(~d)

can still be obtained point by point (Law and An-

tonsson, 1994).

The method of imprecision is iterative. Prefer-

ences evolve through successive evaluations of im-

precise design alternatives. Yet this is not tradi-

tional \point-by-point" design iteration: the method-

ology uses fuzzy sets representing preferences over

many designs, providing more complete informa-

tion earlier in the design process. This informa-

tion can be propagated to downstream engineer-

ing groups, facilitating fuzzy set based concurrent

design. Set-based concurrent design (Ward, Liker,

Sobek, and Cristiano, 1994) is a powerful paradigm

that is enhanced by the use of fuzzy sets.

Weights

In combining the designer's and customer's pref-

erences, their relative importance must be consid-

ered. This is achieved by assigning individualweights

to each variable:

0 � !di � 1

0 � !pj � 1:

Each weight may vary with the value of the vari-

able that it is associated with and thus importance

is a function of ~d and ~p. This variation is assumed

to be continuous, so that similar designs with simi-

lar performances will have similar sets of weighting

functions. The di�culty of specifying weights can

be reduced by allowing the process to be iterative.

Weights are relative and should be normalized:

nX
i=1

!di +

qX
j=1

!pj = 1:

Other issues concerning weighting functions are dis-

cussed in (Otto, 1992).

With the addition of weights, the combination

function for a non-compensating design strategy,

Pmin, becomes (Otto and Antonsson, 1991a):

�o =
�
minf�

!d1
d1

; : : : ; �
!dn
dn

; �
!p1
p1 ; : : : ; �

!pq
pq g

� 1
!max

!max = maxf!d1 ; : : : ; !dn ; !p1 ; : : : ; !pqg:

(8)

Equation (8) reduces to Equation (5) when all vari-
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ables have the same weight (!di = !pj = 1

p+q
for

all i, j). With the addition of weights, the combi-

nation function for a compensating design strategy,

P�, becomes (Otto and Antonsson, 1991a):

�o =

nY
i=1

�di
!di

qY
j=1

�pj
!pj : (9)

Equation (9) reduces to Equation (6) when all vari-

ables have the same weight.

Hierarchical Weighted Design

Suppose that the n+q design and performance vari-

ables are split into two subsets so that a di�erent

trade-o� strategy can be applied to each:

�o=P(�1; :::�n+q)

=Pc [Pa(�1; :::; �k);Pb(�k+1; :::; �n+q)] : (10)

This is a generalization of Equation (7). How should

the subordinate combination functions Pa and Pb

and the superordinate combination function Pc be

de�ned? If all variables are combined using the

same trade-o� strategy, P is given by Equation (8)

for a non-compensating strategy and Equation (9)

for a compensating strategy. Pa, Pb, and Pc for

each strategy must satisfy Equation (10) for these

two cases as well as monotonicity, continuity, anni-

hilation, and idempotency (i.e. Equations (1), (2),

(3), and (4)). Yet these conditions do not uniquely

specify Pa, Pb, and Pc, and in particular, do not

indicate how weights should be combined and in-

terpreted.

Rede�ne the non-compensating combination func-

tion Pmin to accommodate a subset of variables:

Pmin[�1; :::; �k] = [min(�!1
1
; :::; �

!k
k )]

1
!max

!max = max(!1; :::; !k): (11)

Note that the weights !1; :::; !k do not form a com-

plete set and need not sum to one. The hierarchical

operation Pmin combines k individual preferences

with their associated weights, into a single prefer-

ence that also has an associated weight: !max. If

P, Pa, Pb, and Pc are speci�ed as this hierarchical

non-compensating function , then Equation (10) is

satis�ed (set N = n+ q):

!max=max[!1; :::; !N]

=max[max(!1; :::; !k);max(!k+1; :::; !N)]

=max[!amax; !bmax] (12)

Pc [Pa(�1; :::; �k);Pb(�k+1; :::; �N)]

=Pc

h
min(�!1

1
; :::; �

!k
k )

1
!amax ;

min(�
!k+1
k+1 ; :::; �

!N
N )

1
!bmax ]

=min[min(�!1
1
; :::; �

!k
k );

min(�
!k+1
k+1 ; :::; �

!N
N ) ]

1
!max

=min[�!1
1
; :::; �

!N
N ]

1
!max

=P[�1; :::; �N]: (13)

Now rede�ne the compensating combination func-

tion P� :

P�[�1; :::; �N] =

 
kY
i=1

�i
!i

! 1
!

! =

kX
i=1

!i: (14)

The single preference obtained by combining the

multiple preferences �1; :::; �k with their associated

weights, using the hierarchical operation P�, has

an associated weight ! that is the sum of the indi-

vidual weights. If P, Pa, Pb, and Pc are speci�ed as

this hierarchical compensating function, then Equa-

tion (10) is satis�ed (set N = n+ q):

!c=

NX
i=1

!i

=

kX
i=1

!i +

NX
j=k+1

!j

=!a + !b (15)

Pc [Pa(�1; :::; �k);Pb(�k+1; :::; �N)]

=Pc

2
4 kY

i=1

�i
!i

! 1
!a

;

 
NY

i=k+1

�j
!j

! 1
!b

3
5

=

" 
kY
i=1

�i
!i

! 
NY

i=k+1

�j
!j

!# 1
!a+!b

=

"
NY
i=1

�i
!i

# 1
!c

=P[�1; :::; �N]: (16)

The hierarchical combination functions for the

non-compensating and compensating trade-o� strate-

gies (Equations (11) and (14)) can be successively
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applied, allowing multiple levels of problem decom-

position or aggregation: N may be less than or

greater than n + q. It has been shown above that

these functions remain consistent between adjacent

levels of aggregation. Since they are merely general-

ized forms of the min and product of powers com-

bination functions in Equations (8) and (9), they

also satisfy monotonicity, continuity, annihilation,

and idempotency (Equations (1), (2), (3), and (4)).

For the compensating strategy, the weights for

aggregated attributes are added. This is not an ar-

bitrary choice: the form of the compensating trade-

o� function requires the addition of weights to pre-

serve the consistency of the hierarchical decompo-

sition. Decomposition does not change the rela-

tive importance of design attributes. But does an

aggregated weight represent the combined impor-

tance of the aggregated attributes? Equations (15)

and (16) show that, mathematically, it does. In-

tuitively, it is also clear how adding weights aggre-

gates the importance of individual attributes. For

a compensating strategy, all attributes are consid-

ered, and thus combining attributes should result

in an aggregated attribute that is more important.

Furthermore, the importance of the aggregated at-

tribute should depend on the importance of every

one of its constituent attributes.

The compensating combination function P� given

by Equation (14) is self-normalizing: scaling the

weights by any positive factor does not a�ect the

result. Consequently, weights do not need to sum

to one, and can be scaled whenever necessary. For

example, when two design problems are aggregated,

the two sets of weights should be scaled in order to

correctly represent the relative importance of the

two problems.

For the non-compensating strategy, the maxi-

mum of the individual weights associated with the

individual attributes becomes the aggregated weight

associated with the combined attributes. The form

of the non-compensating trade-o� function dictates

that the maximum weight must represent the ag-

gregated attributes, in order to preserve the consis-

tency of the hierarchical decomposition. Equations

(12) and (13) show that aggregating weights in this

way is mathematically correct. Yet it is not imme-

diately obvious how a maximum can represent the

combined importance of the aggregated attributes.

The confusion arises because a non-compensating

strategy considers only the minimumweighted pref-

erence in evaluating the design: all other prefer-

ences are discarded. Therefore only the preference

and weight associated with the critical attribute are

propagated to the next higher level in the design hi-

erarchy.

The non-compensating combination function Pmin

in Equation (11) is also self-normalizing and hence

weights can be scaled by any positive factor with-

out a�ecting the result. Note that, because only

the maximumweight emerges from an aggregation

operation, normalized weights will no longer sum

to one after they are aggregated. Aggregation pre-

serves the relationship between weights, but not

their sum.

Conclusion

The method of imprecision is a formalmethodology

for incorporating imprecision into the design pro-

cess, that is consistent with engineering design prin-

ciples. The method uses the preferences of the de-

signer and customer to de�ne fuzzy sets that quan-

tify the imprecision associated with a design at-

tribute. These fuzzy sets, weighted by relative im-

portance, can be traded-o� with either a compen-

sating or non-compensating combination strategy

to produce an overall design measure. Compared

to traditional design methodologies, this approach

provides more complete information, earlier in the

design process: information that can be propagated

to downstream engineering groups, facilitating fuzzy

set based concurrent design.

The hierarchical combination functions presented

in this paper allow either a single imprecise de-

sign problem to be successively decomposed into

multiple levels of sub-problems, or multiple impre-

cise design problems to be aggregated into a single

super-problem. Decomposition does not modify the

design problem because the aggregation operation

preserves the meaning and validity of aggregated

preferences and weights. Non-compensating and

compensating combination functions can be applied

interchangeably to �t the structure of the problem

and weights can be freely scaled in order to accu-

rately represent the relative importance of a sub-

problem.
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